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Abstract
A methodology is proposed for the analysis of construction columns to determine structural
defects such as bubbles and different types of materials in concrete as well as the diameter of
the steel rods. A filtered backprojection algorithm was used to obtain a 2D density distribution
assuming three different materials in the column (concrete, air and steel). An interpolation
of this 2D distribution is used to obtain inter-planar voxels to construct a 3D object. This
computer object can be manipulated and new projections can be generated to analyze planes
that cannot be directly measured. The input data were generated by a computer simulation of
the column characteristics. © 2001 Published by Elsevier Science Inc.
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1. Introduction
Industrial tomography has multiple applications that allow reconstructing objects
in different forms and densities. Slices of compact objects or metallic bars can be
reconstructed. The density of bubbles of air in a fluid, the material porosity or the
presence of cavities and elements of high density in weldings can be determined. The
study of trees and diverse wood or the study of archaeological objects and the identi-
fication of materials using database artistic objects can be performed among other ap-
plications [1]. Many of these applications require three-dimensional reconstruction
of the object [2].
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The construction industry can use tomography to visualize the inner parts of the
column structures that form it. The weight columns are an essential component of
a construction and their study is of vital importance. The city of Mexico is an area
with high incidence of earthquakes and many accidents have occurred in relation to
the collapse of diverse constructions, the worst being in 1985. In this work, we will
propose a methodology for the study of concrete density and the size of the bars in
the columns in construction, with the objective of applying it to the analysis of the
structure of columns in buildings. The National Institute of Nuclear Investigations
(ININ) of Mexico is developing an experimental tomographic prototype that will
allow the application of the technique that is shown [3].
2. Reconstruction of plane images
The basic theory of industrial tomography is the same as used in medical tomog-
raphy. The geometry for transmission tomography of parallel rays is defined in a
x–y plane as is shown in Fig. 1. A well-collimated monoenergetic beam traverses the
object and it is attenuated in proportion to the lineal attenuation coefficient according
to [4]
N(θ, t) = N0 exp
(
−
∫
L
µ(x, y) ds
)
, (1)
where N(θ, t) is the number of photons per second per unit of cross-sectional area
that travel along L through the object without been attenuated, N0 is the number of
photons per second per unit cross-sectional area and ds is the incremental distance
along L. µ(x, y) denotes the lineal attenuation coefficient of the point (x, y) at a
fixed vertical plane z. This coefficient is proportional to the atomic number and to
the density of the object, so the reconstruction of the function µ(x, y) portrays a 2D
Fig. 1. Coordinate system for computed tomography.
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distribution of these parameters. The variables θ and t define the position of the line
L in the space shown in Fig. 1.
There is an energy dependence in Eq. (1) which should be taken into account in
the experimental arrangement [5].
The experimental measurements include the quantities N(θ, t) and N0, so we can
define the magnitude
I (θ, t) = ln(N0/N(θ, t)) =
∫
L
µ(x, y) ds. (2)
The explicit equation for the trajectory L can be written as
I (θ, t) =
∫ ∞
−∞
∫ ∞
−∞
µ(x, y)δ(x cos θ + y sin θ − t) dx dy. (3)
The magnitude I (θ, t) is a function of two variables and is known as the 2D Ra-
don Transform of µ(x, y) [4]. On a simple line L, I (θ, t) is denominated line inte-
gral. Likewise, the measurement of I (θ, t) for a fixed value of θ (say θ0) is called a
projection and can be written as
Pθ(t) = I (θ, t)|θ=θ0 . (4)
The completed data set used in computed tomography consists of a specific number
of projections n, obtained for different angles that can be equispaced in the geometry
of parallel beam with a step
 = π/n. (5)
In our case the data set is obtained by means of simulation using the geometry of
parallel beam, but also fan beam geometry can be used.
The problem is solved by obtaining the inverse Radon transform [4]: given dis-
crete measurements of I (θ, t) for many angles around the object find a function
µ(x, y). This solution exists, but there are some other algorithms that solve Eq. (2)
and are used at the present time in many medical and industrial tomographs [5].
2.1. Approach by discrete tomography
The proposed methodology is based on a 2D slice that allow us to identify flaws
in the columns. In this case we will have only a discrete set for the expected values
of the reconstructed function values µi,j . This includes two values for concrete, and
three values for steel and air.
We chose six levels of attenuation materials in order to rapidly establish if a defect
is found. The first three levels correspond to steel of three densities: lower, nominal
and high density. The determination of the lower and higher steel density values
is important in order to establish different safety criteria for column resistance ac-
ceptability. Two density levels were used for cement one being the correct value
(nominal) and another for non-acceptable values. The sixth density level was set to
represent voids in the columns.
198 J. Santos et al. / Linear Algebra and its Applications 339 (2001) 195–204
For practical reasons we used six expected values for the reconstructed function
allowing us to use discrete tomography techniques [10]. The function values can be
identified from the largest peaks in the reconstructed image histogram transforming
256 to 5 gray levels.
The use of six different levels of density allows us to quickly determine differ-
ences in quality of column materials and using these discrete values is easier than
using the whole range of density levels that the continuous tomography method pro-
poses.
2.2. Reconstruction algorithm
We use the filtered backprojection method, that uses the backprojection integral
derived from the Fourier projection slice theorem [6]
µ(x, y) =
∫ 
0
I˜θ (x cos θ + y sin θ) dθ, (6)
where I˜θ (t) are the filtered backprojection given by [6]
I˜θ (t) = F−1
{
F [Iθ (t)](w) ·Q(w)
}
(t). (7)
Here, F is the Fourier transform, F−1 is the inverse Fourier transform and Q(w) is
the filter function in frequency space.
Several variations of the backprojection-based algorithm exist, which are distin-
guished by the nature of the used filter. In this work, we use the algorithm proposed
by Kak–Slaney [6] that is quick and produces good results.
3. Representation and reconstruction of columns
Fig. 2 shows the representation of a construction column by means of surface
rendering and wireframe. The segment studied is 90 cm height and 50 cm side. Inside
Fig. 2. 3D representation of a construction column with a four steel bars.
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the column there are four bars of steel 8 cm in diameter. These bars have different
defects that include a smaller diameter or a different density. The concrete has also
some holes and other less dense regions.
We defined a Cartesian system with its origin as the geometric center of the col-
umn segment of Fig. 1 and so the value of z can be negative or positive. The measure-
ment z-plane is shown in Table 1 for different positions of z. In the same table, the
sinograms are shown for each plane with 80 projections for each plane ( = 2.25◦)
and 256 rays/projection. The reconstructed images are shown in the third row of
Table 1, in 200 × 200 pixeles, using gray levels to represent the obtained µi,j .
In the reconstructed images shown in Table 1, it can be observed that for z = 16
cm there are missing bars and for z = −16 cm one bar has smaller density than the
others, and there is a hole in the structure.
All the reconstructed images are shown in Table 2, for a step z = 4 cm. In this
table it is possible to see the evolution of the defects in the bars through z. For ex-
ample, for z = 12 cm up to z = 16 cm the missing bar is observed. For z = −8 to 0
cm a bar is observed with a smaller diameter than the others. For z = −28 cm up to
Table 1
Reconstruction z-plane of an object
200 J. Santos et al. / Linear Algebra and its Applications 339 (2001) 195–204
Table 2
Reconstructed images of Fig. 2
z = −12 cm a bar is observed with smaller density than the rest. There is a hole in
the structure from z = −16 to −12 cm and in z = −4 cm there is another hole with
a smaller diameter.
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Table 3
3D view of the overlapping images of Table 2
The images of Table 2 can be put together in a 3D view of the reconstructed object.
Table 3 shows the overlapping of the obtained images at different rotation angles. To
explore the inside of the object, it is important to be able to get slices in any one of
the positions shown in Table 3 and in any z-plane. This plane can be moved along the
axis z, similar to the measurement plane shown in Table 1. The information between
two reconstructed discrete planes (Table 2) is generated using parallel side voxels as
shown in Fig. 4. To find the voxel attenuation coefficient we used lineal interpolation
by means of the following expression [8]:
µI = µ1 · d + µ2 · (z− d), (8)
where µ1 and µ2 are the attenuation coefficient of the neighbor planes and d is the
distance from one plane to the voxel.
Fig. 3 shows one rotated overlapping image and the z-plane for z = 0 cm. The
obtained slices at different z-plane positions (−12 cm, 0 cm, 12 cm) are shown in
Table 4. For z = 0 cm a defect in one bar and a bigger hole are observed. For z = 12
and −12 cm anomalies in both bars are also observed. This form of bar visualization
offers a more accurate view than the one observed from the individual images of
Table 2.
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Fig. 3. Rotated overlapping images from Table 3 and z-plane representation at z = 0 cm.
Fig. 4. Interpolation between planes.
Table 4
Slices of the object in Fig. 3
It is possible to filter each obtained slice to show up flaws. In Fig. 5 a split filter
[9] is used to get a view of the internal bars with their defects.
J. Santos et al. / Linear Algebra and its Applications 339 (2001) 195–204 203
Fig. 5. Filtered slices.
The slices obtained directly from experimental measurements are superimposed
forming a 3D view allowing the access of slices with different visual perspectives
than those measured. For example, the visualization of the rods along the z-axis
is better as can be seen from the slices obtained shown in Table 4 than those of
Table 1. Its important to note that this reconstructed image does not provide any
more information about the object, it only shows different perspectives. In order to
obtain the slices we performed linear interpolation between planes to generate the
interplanar space which allows us to represent a 3D object. In this work, the steps
between planes was set to 4 cm. It was assumed that flaws smaller than this value are
not critical.
4. Software developed
For the simulation of the measurement I (θ, t) a computer program was devel-
oped that allows the variance of the number of projections and rays/projection. It
can simulate data acquisition for both parallel or divergent rays geometries. It allows
modeling a noise associated with the measurement and also simulates the emission
tomography data.
For the tomography images reconstruction, using Eq. (6), a computer program
was developed that allows one to vary the number of projections, the quantity of
rays/projection, the interpolation method used in the backprojections calculation,
the data recollection geometry, the filter function of the backprojections method
and the resolution of the reconstructed image. It also allows the visualization of the
sinogram, the backprojections space, the lineal variations for a line or column of the
reconstructed image and the factor of fidelity [7]. It also can be applied to emission
tomography using the additive algebraic reconstruction technique (AART) [4].
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For the visualization of 3D objects another computer program was developed.
This software can be used to produce slices in the object and then simulate measure-
ments.
In order to visualize the planes in the form that are shown in Table 3 and to
carry out the objects cuts of Table 4 a specific computer program was developed. A
computer program was developed to implement several image filtering algorithms.
All the computer programs mentioned above are PC based for Microsoft Windows
environment and integrated in a software package called ComTom.
5. Conclusions
The methodology described in this work is based on transmission tomography
and allows us to analyze construction elements in order to evaluate their quality and
to determine the level of safety that they offer for buildings.
It is possible to detect defects in steel bars, voids in the concrete and different den-
sities of material in the cement. The 3D visualization obtained by means of the over-
lapping of the obtained images offer more complete information than the analysis of
the individual images.
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